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Mechanics - 03
: Noether’s Theorem and 

Hamiltonian dynamics

• Noether’s Theorem
• Legendre transformation
• Hamiltonian dynamics
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Angular momentum conservation from 
rotational invariance
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If the Lagrangian of a particle of mass m contains an arbitrary central force:

L =
1
2
mv2 ! V (r)

the coordinate system can be freely rotated without changing the Lagrangian.

And the infinitesimal rotation analysis gives 

d

dt
(r! p) = 0

representing the angular momentum conservation from rotational invariance.

This is an example of Noether’s theorem and will discuss further in detail
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Noether’s theorem
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: if a symmetry exists, then a corresponding constant of motion exists.

s : a parameter representing a general transformation (If s=0, it is the identity 
transformation)

Q(s, t) : the solution of the Euler-Lagrange equations for any value of s

Invariance of the Lagrangian is L(Q(s, t), Q̇(s, t), t) = L(q, q̇, t)
After some algebra, one reaches to the following formula

I(q, q̇) ! p
dQ

ds

!!!
s=0

= constant
If the Lagrangian is invariant under a continuous symmetry transformation, there are conserved 
quantities associated with that symmetry, once for each parameter of the transformation. These 
can be found by differentiating each coordinate with respect to the parameters of the 
transformation in the immediate neighborhood of the identity transformation, multiplying by the 
conjugate momentum, and summing over the degrees of freedom
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Hamiltonian dynamics
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So far, we track development of           and            in time : these two make our 
phase space

qk(t) q̇k(t)

Now, let us consider another definition of phase space with            and

qk(t)

pk(t)
defined by

pk(t) ! !L

!q̇k
k = 1, ..., N

for N degrees of freedom.            is called canonically conjugate momentum

Thus         and           will become the basic dynamical variables instead of         andpk(t)

qk(t)

qk(t) q̇k(t)

With these new dynamical variables, the Lagrangian is replaced by the Hamiltonian

H(q, p, t) and the Euler-Lagrange equations are replaced by Hamilton’s equations 

pk(t)

that will be discussed later.

Note that the canonically conjugate momentum           may loose its familiar 
definition of

pk(t)
p = mv
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Legendre Transformation
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Consider two independent mathematical variables         and     .  Assume a function 
                 is known explicitly.   

x y
A(x, y)

Now introduce a 3rd variable      and define the following transformation:z

B(x, y, z) ! yz "A(x, y)

z = z(x, y) ! !A

!y

!!!
x

By defining z to be

we get
!B

!z

!!!
x

= y,
!B

!x

!!!
z

= !!A

!x

!!!
y

And the transformation above is called Legendre transformation.  Above 
arguments are purely mathematical so far. What is the relevance to mechanics?
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Application to the mechanical system
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Let us consider the following Legendre transformation with the Hamiltonian H(p, q)

H ! pq̇ " L(q, q̇), p ! !L

!q̇

!!!
constant q

Note: we did not put time in the Lagrangian for just simpler notation. The whole picture is 
not changed with the time explicitly in.

From the Hamilton’s Principle !S =
!

!L dt = 0

one can drive following equations:

q̇ =
!H

!p

!!!
q
,

!H

!q

!!!
p

= !!L

!q

!!!
q̇

= ! d

dt

!L

!q̇

!!!
q

= !ṗ

that are equivalent to the Euler-Lagrange equations.
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Hamilton’s Equation of Motion
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For N degrees of freedom, the 2N-dimensional phase space becomes {qk, pk}
and the Hamiltonian is

H(q1, ..., qN , p1, ..., pN , t) !
N!

k=1

pk q̇k " L

The Hamilton’s equation of motion becomes

q̇k =
!H

!pk
ṗk = !!H

!qk

dH

dt
= !!L

!t

These are fundamental equations of Hamiltonian dynamics


